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BILINEAR SUMMATION FORMULAS FROM QUANTUM ALGEBRA 

REPRESENTATIONS 



WOLTER GROENEVELT 



Abstract. The tensor product of a positive and a negative discrete series representation of the 
quantum algebra Uq[su{l,l)) decomposes as a direct integral over the principal unitary series 
representations. Discrete terms can appear, and these terms are a finite number of discrete series 
representations, or one complementary series representation. From the interpretation as overlap 
coefficients of little q-Jacobi functions and Al-Salam and Chihara polynomials in base q and base 
g~^, two closely related bilinear summation formulas for the Al-Salam and Chihara polynomials 
are derived. The formulas involve Askey- Wilson polynomials, continuous dual q-Hahn polynomials 
and little g-Jacobi functions. The realization of the discrete series as g-difference operators on the 
spaces of holomorphic and anti-holomorphic functions, leads to a bilinear generating function for 
a certain type of 2<(5i-series, which can be considered as a special case of the dual transmutation 
kernel for little g-Jacobi functions. 



1. Introduction 



The Askey-scheme of hypergeometric and basic hypergeometric orthogonal polynomials, see |14|, 
consists of polynomial systems which can be defined in terms of hypergeometric or basic hypergeo- 
metric functions. On top of the Askey-scheme is a four parameter family of orthogonal polynomials, 
introduced by Askey and Wilson in Q, called the Askey- Wilson polynomials. The other families 
can be derived by limit transitions from the Askey- Wilson polynomials. The Al-Salam and Chihara 
polynomials are Askey- Wilson polynomials with two parameters equal to zero. In this paper we 
use representation theory of the quantized universal enveloping algebra C/q(5u(l, 1)) to derive two 
bilinear summation formulas for the Al-Salam and Chihara polynomials in base q and q~^, involving 
Askey- Wilson polynomials, continuous dual g-Hahn polynomials and little g-Jacobi functions, and 
we discuss some consequences. 

Most of the hypergeometric polynomials in the Askey-scheme are related to the representation 
theory of Lie groups and Lie algebras, e.g. the polynomials appear as matrix coefficients of irre- 
ducible unitary representations, see e.g. |^0[ and |26| and references therein. In the same way most 
of the basic hypergeometric polynomials are related to representation theory of quantum groups 
and quantum algebras. Using representation theory one can obtain several identities, such as gen- 
erating functions or convolution identities, for special functions of (basic) hypergeometric type. 
One method to find such identities uses representations of a Lie algebra, and is due to Granovskii 
and Zhedanov The idea is to consider (generalized) eigenvectors of a certain element of the 
Lie algebra, which acts as a recurrence operator in an irreducible representation. From the tensor 
product decomposition, one can find identities for the eigenvectors. Especially one finds identities 
for the special functions that appear as overlap coefficients. This idea is used by Koelink and Van 



der Jeugt [19|, where tensor products of positive discrete series representation of the Lie algebra 



su(l, 1) are used to obtain convolution identities for orthogonal polynomials. In ||T^ the method 
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is also applied to tensor products of positive discrete series representations of the quantum alge- 
bra C/q(su(l, 1)) . In that case the operators considered, are related to so-called twisted primitive 
elements in order to control the action in the tensor product representations. 

In [p^ j the method is used on the tensor product of a positive and a negative discrete series 
representation of the Lie algebra su(l,l). In that case non-polynomial hypergeometric functions 
are needed, namely the Meixner function as defined in [22|, see also [15|. These Meixner functions 



can be considered as non-polynomial extensions of the Meixner polynomials. The goal of this paper 
is to find g-analogues of the results of using representation theory of C/g(su(l, 1)) . The method 
we use is different from the method applied in | p!o| . 

The irreducible unitary representations of C/g(su(l,l)) are the discrete series representations, 
which act on ^^(Z>o), and the principal unitary series, the complementary series and the strange 
series representations, which all act on £^(Z). We consider the tensor product of a positive and a 
negative discrete series representation. This tensor product decomposes as a direct integral over the 
unitary representations, see Kalnins and Miller A finite number of discrete terms can appear 
in the decomposition, and these discrete terms are discrete series or at most one complementary 
series representation. The strange series do not appear in the decomposition. As overlap coefficients 
related to the positive and negative discrete series representations, we find Al-Salam and Chihara 
polynomials in base (f' , respectively in base q~'^ . For the principal unitary series, we find little 
(7-Jacobi functions, see fl^, [17|. So in this context, the little g-Jacobi functions can be considered 



as non-polynomial extensions of the Al-Salam and Chihara polynomials, see also [H]. 

In section ^ we give the definition of the Askey- Wilson polynomials, their orthogonality rela- 
tions and we give an (apparently new) generating function for these polynomials. This generating 
function plays a key role in this paper. Then we determine the exact decomposition of the tensor 
product of a positive and a negative discrete series representation of C/q(5u(l, 1)) by considering the 
action of the Casimir element. We find continuous dual g-Hahn polynomials as Clebsch-Gordan 
coefficients. In section |3| we determine (generalized) eigenvectors of a certain element in the various 
irreducible representations and in the tensor product representation. We determine the Clebsch- 
Gordan coefficients for the bases of eigenvectors, which turn out to be Askey- Wilson polynomials. 



As a result, see theorems 3.9 and 3.10, we obtain two summation formulas involving Al-Salam and 
Chihara polynomials, continuous dual q'-Hahn polynomials, Askey- Wilson polynomials and little 
g-Jacobi functions. In section]^ we realize the generators of Uq{5\x{l, 1)) in the positive and negative 
discrete series representations as (/-difference operators on the space of holomorphic, respectively 
anti-holomorphic functions. The eigenvectors for the discrete series now become known generating 
functions for Al-Salam and Chihara polynomials. From these realization of the eigenvectors, we 



derive a bilinear generating function for a certain type of 2V'i-series, see theorem 4.4 This gives a 



quantum group theoretical proof of a special case of the dual transmutation kernel for the little 



g-Jacobi functions, which has recently been found by Koelink and Rosengren |16] 



Notations. Throughout this paper we assume < g < 1. We use the notation for basic hyperge- 
ometric series and g-shifted factorials as in the book of Gasper and Rahman |^] , i.e. 

/ai,a2,... \ _^ (ai,... ,a,;g)fc / k ^\k(k-i)V+'-\k 



h 



k-l 



(oi,... ,ar;q)k = (ai;g)fc . . . (a,.;g)fc, {a;q)k = JJ(1 

i=0 



The r99s-series converges absolutely for all z if r < s, for |2;|<lifr = s + l and diverges for 
r > s + l. The s+i^^^-series has a unique analytic continuation to C\ [1, oo), see |^ §4.5]. We often 
use the analytic continuation implicitly. 
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A basic hypergeometric series is called very-well-poised if r = s + 1 and aiq = 0463 = 0564 = 
... = tts+ibs, a2 = q-\/ai and 03 = —q^/al. We use the notation for a very-well-poised basic 
hypergeometric series as in |^ §2.1] 

„r I . f ai,q^,-qy/a^,ai,. . . ,as+2 

s+iWs{ai;a4,...,as+i;q,z) = s+i(Ps[ , — , — , , ■,q,z 



-\/«i,«ig/a4, • • • ,aiq/as+i 
— l-aig2^ (01,04,... ,as+i;g)fc^'' 



^-1 



- oi {q,aiq/aA, . . . ,aiq/as+i;q)k' 

If dm is a positive measure on M, we denote by dm^ the positive measure with the property that 
dm is the product measure of dm^ with itself, restricted to the diagonal. 
Acknowledment. I thank Erik Koelink for comments on previous versions. 

2. Decomposition of tensor product representations 

In this section we consider the quantized universal enveloping algebra C/g (511(1, 1)) and the ir- 
reducible representations. We decompose the tensor product of a positive and a negative discrete 
series representation into a direct integral of principal unitary series. Under certain conditions 
discrete terms appear in the decomposition. These discrete terms are a finite number of negative 
discrete series representations, or one complementary series representation. Also we find continuous 
dual q-Hahn polynomials as Clebsch-Gordan coefficients, cf. Kalnins and Miller |T2| . 

2.1. The quantized universal enveloping algebra [/q(su(l, 1)). [/g(su(l,l)) is the unital, 
associative, complex algebra generated by A, B, C and D, subject to the relations 

AD = l = DA, AB = qBA, AC = q-^CA, BC-CB = 3-. 

q-q 

The Casimir element 

{q^^-qY +^^- {q-^-qY + ^^'^^ 

is a central element of C/g(5u(l, 1)). The algebra [/g(su(l, 1)) is a Hopf *-algebra with comultipli- 
cation A given by 

A(A) = AoA, 1^{B) = A®B + B®D, /^{C) = A® C + C ® D, A{D) = D(S)D. (2.2) 

The *-structure is defined by 

A* = A, B* = -C, C* = -B, D* = D. 

The irreducible unitary representations have been determined by Durban and Klimyk |^]. There 
are five classes of irreducible unitary representations of f7g(su(l, 1)): 

Positive discrete series. The positive discrete series vr^ are labeled by A; > 0. The representation 
space is £^(Z>o) with orthonormal basis {e„}„(=a>Q. The action is given by 



1 I (2.3) 

(g-1 - qf^t{^)en = iq''-' + q-^''^'^ - 2)e.. 
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Negative discrete series. The negative discrete series vr^ are labeled by A; > 0. The representation 
space is £^(Z>o) with orthonormal basis {e„}„gz>Q. The action is given by 

I ^^-^^ 

Principal unitary series. The principal unitary series representations vr^^ are labeled by < p < 
~2Wq ^ ^ [O'l)! where (p, e) 7^ (0, The representation space is ^^(Z) with orthonormal 
basis {e„}„gz- The action is given by 



(g-l - q)7rj;,{B)en = q-^-^^-'Jil - g2n+2e+2ip+l)(l _ g2n+2e-2ip+l) ^^^^^ 

(2.5) 

(g-l - gX,(C)e„ = -g2-"-y (1 - g2n+2.+2ip-l)(l _ g2„+2.-2ip-l) 

- ?)'<.(^^)en = + q-^'" - 2)e„. 

For (p, e) = (0, i) the representation vr^i splits into a direct sum of a positive and a negative 

u, 2 

discrete series representation: vr^i = vrt ©vr^. The representation space splits into two invariant 

subspaces: {e„ | n < 0} © {e„ | n > 0}. 

Complementary series. The complementary series representations tt^^, are labeled by A and e, 
where e G [0, |) and A G (— ^) — £)> or e S 1) and A G (— — !)• The representation space is 
with orthonormal basis {en}n&- The action is given by 



(g-l - <z)^L(^)en = g-^-^-"A/(l - <;2n+2.+2A+2)(l _ ^2n+2.-2A) ^^^^^^ 



- (z)^^.(C)e„ = -gl— y (1 - <^2n+2.+2A)(l _ ^2n+2.-2A-2) 



(2.6) 



The fifth class consists of the strange series representations. The strange series representations 
do not appear in the decomposition of the tensor product of a positive and a negative series 
representation, therefore we do not need them in this paper. 

Note that the operators are unbounded, with common domain the set of finite linear combinations 
of the basisvectors. The operators in ( |2.3D -( ^l6[ ) define *-representations in the sense of Schmiidgen 
|2|, Ch.8]. 

2.2. Tensor product of positive and negative discrete series representations. The de- 
composition of the tensor product of a positive and a negative discrete series representation, has 
been determined by Kalnins and Miller in [|l2|. They find continuous dual g-Hahn polynomials 
as Clebsch-Gordan coefficients. The continuous dual g-Hahn polynomials are a subclass of the 
Askey- Wilson polynomials pn, defined by (see Askey and Wilson PI, Koekoek and Swarttouw |]l4|) 



, , ,| X -n, , , N ",abcdq'^ \ae*^ae , 

Pn{cos 0; a, b, c, d\q) = a [ab, ac, ad; q)n 4^3 { ab ac ad i^'^)- (2-') 
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By Sear's 4993 transformation formula |8|, eq.(III.16)] the polynomials p„ are symmetric in the 
parameters a, b, c and d. Let a, b, c, d be real, or appearing in complex conjungate pairs, and let the 
pairwise products of a, 6, c, d be smaller than 1, then the Askey- Wilson polynomials are orthogonal 
with respect to a positive measure supported on a subset of M. The orthonormal Askey- Wilson 
polynomials pn are defined by 



Pn{y] a, b, c, d\q) = W {abed q)2n — —pniv, a, b, c, d\q). (2. 

y {q,ab,ac,ad,bc,bd,cd,abcdq"- ,q)n 

They are orthonormal with respect to the measure dm{-; a, b, c, d\q) given by 

/ f{y)dm{y;a,b,c,c\q)= / f {cos 9) w {cos 6) dO + f{xk)wk, (2.9) 

JR Jo I, 

1 {q,ab,ac,ad,bc,bd,cd;q)a 



w{cos 9) = w{cos 6; a, b, c, d\q) 



27r {abed; q)c 



k 

{e^'';q)c 



loo 



2 



where Xk = p-{eq^) for e any of the parameters a, b, c, d. Here and elsewhere ^{y) = ^{y + y ^] 
The sum is over k G Z>o such that \eq^\ > 1. If we assume e = a, we have 

1 — a^g^^ {a~^, be, bd,cd;q) 00 {a^,ab,ac,ad;q)k ( 1 ^ 

Wk = Wk{a;b,c,d\q) - 



1 — {b/a,c/a,d/a,abcd]q)oo {q,aq/b,aq/c,aq/d;q)k \abcd 

For future references we give an (apparently new) generating function for the Askey- Wilson poly- 
nomials. 

Theorem 2.1. For \t\ < 1 the Askey-Wilson polynomials satisfy the following generating funetion 

{abed; q)2nPn{cos 0; a, b, c, d\q) {r/t, abc/r; q)n _ 
^ {q,ab,ac,be,abedq'^-'^;q)n {abcdt/r,rd;q)n 

" 7) fj (2.10) 

{abed,dt,abete' /r,re' ;q)oo , , ie , ie . id ie . , . -id-, 

{abedtlr,dr,abee^^,te^^;q)^ ^^^^"^^^ ' '^^ I'^-^-l^'^^^^^ )• 

Proof. We start with the sum S on the left hand side of (p. 101). Using the asymptotic behaviour of 



the Askey-Wilson polynomials, see |8|, eq.(7.5.13)], we find that S converges absolutely for |t| < 1. 
We use ( |2.7D and Watson's transformation eq.(III.19)], to write the Askey-Wilson polynomial 
as a multiple of a very-well-poised sV'T-series; 

Pn{cos6;a,b,e,d\q) = 

^w,{abce''/q; ae*^ 6e^^ ee^' ,abedq^-\q-^; q, qe'^' /d). 

Next we write out the s^r-series as a sum, so S becomes a double sum, which is absolutely conver- 
gent. We interchange summations 



00 n 00 00 

J2Y. = Y.^ p = n-/, 

n=0 1=0 1=0 p=0 
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and we use 

(a;9)p 

{aqP;q)i = , 



then after some cancellations we have 

^ _ y> 1 - abcq^'-'^e'-^ {abed; q)2i (ae*^, 5e*^, ce^^ ,abce^^ ,abc/r, r/t; q)i ^-ue^ig 
^-^ 1 — abce^^/q {q,ab,ac,bc,abce'^^ ,abcq^e^^,abcdt/r;q)i ' 



where Si is the sum over p. We write Si as a very-well-poised eV'S'Series, which is summable by 
Jackson's summation formula eq. (11.20)]; 

Now reduces to a single sum, which turns out to be a multiple of a very- well-poised g'/'T-series; 

{abcd,dt,abcte''^ /r,re''^;q)oo .... , ie / i, / ^ -j6»\ 

5= — — rrr-^ — sWTlabce"^ /q;ae^'',be^'',ce^'',r/t,abc/r;q,te *'^). 



{abcdt /r,dr, abce^^ ,te^^;q) 



CO 



This is the desired result. □ 



Remark 2.2. The g'/'T-series on the right hand side of (p.lOj ) can be written as the sum of two 
balanced 4(/93-series by |^ eq.(III.36)]. For t = q/a and r = q^~'^/a this reduces to one balanced 
4(/93-series, and this gives the well known connection formula, see |5|, §6], §7.6], 



Pv 



(cos 9; a, b, c, a\q) Cn,mPnicos 9; o, b, c, d\q), 



n=0 
r,m-l. , 



(g '^,abcaq'^ ^■,q)n {abq'',acq'^,bcq'^,a/d;q)m-n , ^.nj^m-n^mn-ln(n-i) 
{q,abcdq'^~^;q)n {abcdq'^'^;r^ 



) y Jn—m 



The continuous dual g-Hahn polynomials Pn are obtained from the Askey- Wilson polynomials 
by taking d = 0; 



Pn{cos9) = Pn{cos9;a,b,c\q) = pn{cos9;a,b,c,0\q) = a^"'{ab,ac;q)n3V2('^ ' , ' ; 



-n „„i9 „„—i9 



a6, ac 

(2.11) 



The orthonormal continuous dual g-Hahn polynomials P„ are orthonormal with respect to the 
measure dm{-; a, b, c\q) = dm{-;a, b, c, 0\q) and they satisfy the recurrence relation 

bnPn iv), (2.12) 

where 

an = V(l - g"+i)(l - a6g")(l - acg")(l - 6cg"), 

bn = a + a-^- a-\l - a6Q")(l - acg") - a(l - g")(l - 6cg"-^). 
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In [12 1 the decomposition of the tensor product vr^^ vr^^ is found by considering the action of 
the Casimir element in this tensor product representation. Since our main focus is on special 
functions, we need to know the Clebsch-Gordan decomposition and the matrix elements of the 
intertwiner exactly. Therefore we repeat the proof given in ||l^ in somewhat more detail. 

From (O) and we find 



A{n) = , / \q-\A^ A^) + q{D^ ® D^) - 2(1 ® 1) 
{q-^ -qY 

+ BC + AC ® BD + BA® DC + BC ® D"^ 
We define elements G £2(Z>o) £2(Z>o) by 

„p _ \en® en-p, p<0, 



e„+p(g)e„, p>0, 



and we define the space Hp by 



^p = C{/P|nGZ>o} =r(Z>o). 

For fixed p we let A(J7) act on finite linear combinations of elements /«. We see by a straightforward 
computation that {q~^ — q)'^TT'^^ ® vr^^ (A($7)) + 2 can be identified with the three term recurrence 
relation for the continuous dual g-Hahn polynomials ( p. 12 ) in base q"^ with parameters 



{„2fc2-2fei-2p+i „ < n ( „2fci-2fc2+i Ti < n 

q ' ■'^ — ^' !, _ 2A;i+2fc2-l — ) ^ 5 P ^ U, 

^2fci"2fc2+2p+l^ p>0, ~^ ' |g2fe2-2fei+l^ 

Proposition 2.3. The operator Ap defined by 

Ap-. Hp^ L"^ [R, dm{-- a,b, c\q'^)) 
fP^Pn{-,a,b,c\q^) 

is unitary and intertwines vr^^ eg) 7r^^(A(il)) acting on Hp with {q~^ — q)~'^ M2X-2 acting on 
L2(M, (im(x; a, c|(7^)) with a, b, c defined in ( 2.13| ). 



(2.13) 



Here and elsewhere M denotes the multiplication operator, i.e. Mfg{x) = f{x)g{x). 

Proof, vr^^ 7r^2(A(il)) resticted to Hp extends to a bounded self-adjoint Jacobi operator on Hp, 
see Akhiezer The intertwining now follows from ( 2.12| ). Since Ap maps an orthonormal basis 



onto another, Ap is unitary. □ 

We define a map -d : C/g(su(l, 1)) [/g(su(l, 1)) by 

^A) = D, ^{B) = C, ^{C) = B, ^{D) = A. 

Then -d is an algebra homomorphism and from ( p.3| ) and ( p. 4] ) we find 7r^('!?(X)) = 7rJ(X) for 
X GUg{su{l,l)). From (^ follows that 'd is an anti-coalgebra homomorphism, i.e. Ao-d = cjo A, 



where a : ?7g(su(l,l)) — > C/q(su(l,l)) denotes the flip automorphism, a{u v) = v u. Since 
Uq(^5u{l, 1)) is a quasitriangular Hopf-algebra we have vr^^ 'SDvr^^ = vr^^ ® ^fc^> where the intertwiner 
is induced by the universal i?-matrix, see [0, §4.2, §6.4]. So (vr^^ (E) vr^^) o A o -i? is equivalent to the 
standard tensor product representation (vr^ ^ vr^^) o A. This shows that the case k2 > ki gives 
results similar to the case ki > k2- So from here on we assume k2 > ki. 

From proposition 2^ follows that the spectrum of vr^^ vr^^ (^(^)) "^^^ be read off from the 



support of the orthogonality measure dm{-; a, b, cjg^), with a, b, c as in ( |2.13| ). The measure always 
has an absolutely continuous part, and possibly a finite set of discrete mass points when one of the 
parameters is greater than one. We distinguish three different cases. 
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(i) If ki — k2 > —h and ki + k2 > h the measure dm in proposition 2^ is absolutely continuous 



and has support [—1,1] for all p G Z. For this part we recognize the action of in the 
principal unitary series from ( |2.5| ), using e*^ = q^*''. From the action of A in the tensor 
product representation, vr^^ vr^^ (A(^)) = 7r^_^{A) tt^^{A), we find e = k\ — k2 + L, where 
L is the unique non-negative integer such that e G [0, 1) 



(ii) li ki + k2 < 12 the measure dm in proposition 2^ has one discrete mass point outside [—1,1] 
for all p G Z. In this case (g2fei+2fc2-i _j_ qi-2ki-2k2 _ 2)/[q~^ — q)"^ is also an eigenvalue of 
^fci ® ■""^2 ('^(^)) ■ recognize the action of Q. in the complementary series representation 
from ( |2.6D with A = —ki — k2. Again from the action of A in the tensor product representation 
we find e = ki — k2 + L. 

(iii) li ki — k2 < — ^, then the support of dm in proposition (|2.3| ) contains finitely many points 
outside [—1,1]. The number of discrete points depends on p. These discrete mass points 
correspond to eigenvalues of vr^^ O tt^^ (A(0)) of the form (g2fci-2fc2+i+2j) ^ ^-2fci+2A:2-i-2j) _^ 

2) /{q^^ ~ q)'^- Here j = 0, . . . ,K for p < 0, and is the largest integer such that ki — k2 + 
^ + K < 0. For < p < K, we have j = p, . . . ,K and for p > K there are no discrete mass 



points. Here we recognize the action of O in a discrete series representation from (2.3) and 
( p.4| ) . From the action of A in the tensor product representation we find that this is a negative 
discrete series representation with label k2 — ki — j. 

We have the following decomposition. 

Theorem 2.4. Forki < k2 the decomposition of the tensor product of positive and negative discrete 
series representations o/ [/g(su(l, 1)) is 



2 In q 

P 



^fci ^ ^fc2 - J ^P,edp, ki-k2>-^,ki + k2> ^, 



2 In q 

f® 1 

<®^fc2- / ^ledp®^l,, ki + k2< 





TT 

' 2 In q 



2' 



1 



k2-ki-\-j>0 

where e = ki — k2 + L, L is the unique integer such that e £ [0, 1) and A = —ki — k2. Further, 
under the identification above, for y = ^{q^^^ + q~'^^'^), 

(_l)"i~"2y" p^^[y-a,b,c\q'^)en^-n2-Ldm^y;a,b,c\q'^), ni<n2, 

z-m yy ^n2 — ^ f ^ * i (2-14) 

P„2 (y; a, 6, c|g^)e„,_„2_Ldm2 (y; a, 6, c|g^), ni > n2, 

where Pn is an orthonormal continuous dual q-Hahn polynomial with parameters a, 6, c given by 

{ 2fe2-2fci+2n2-2ni+l ^ f„2A:i-2fc2+l < „^ 

g , raiSn2, ,^ 2fci+2fe2-l ^=J^ , ?^lS:ri2, . ^ 

g2fei-2te+2ni-2n2+l^ ^ > na, ^ ' U2fe2-2fci+l^ m > ^3. ^ ^ ^ 
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We can also give the inverse of ( p. 14 ) explicitly, e.g. if no discrete terms occur in the decompo- 
sition of the tensor product, the decomposition of 



2 In 9 

f®ep.L = I f{y)ep-Ldy G L\-1,1) ^ f{Z) ^ J 





is given by 



OO r „1 

^— n L^ — 1 



n=0 
OO r /.I 



Pniv; a, b, c\q^)f{y)dm2 {y- a, b, c\q^ 



en O Cn-p, p<0, 



1,71=0 



Pn{y;a,b,c\q )f{y)dm2{y;a,b,c\q 



p>0, 



(2.16) 



where a, b and c are given by ( 2.13| ) 



Proof. First we concentrate on the case ki — k2 > — ^ and /ci + /c2 > ^, then dm2 (•; a, 5, c|g^) only 
has an absolutely continuous part, which we denote by 'w{cos6;a,b,c\q'^)d9. We have 



w{cos 9; a, b, c|g^ 



{q'^,ab,ac,bc; g^)c 
27r 



(ae*^,6e*^,ce*^;g2)^ 



Observe that 



w{cos 9; aq'^, b, c|g^) 



{1 - aeiO){l - ae-iO) 
(1 - ab){l - ac) 



w{cos 9; a, b, c\q'^ 



(2.17) 



We define a unitary operator A by 



A(e„^ e 



n2J 



l^rii na j p^_^(^cos 9; a, b, c\q"')w{cos 9; a, b, c\q^)enj^-n2-Ld9 , rii < n2, 





P„2(cos 0; a, 6, c|g )i(;(cos 0; a, 6, c|g )eni-n2-Ld9, 



ni > n2, 

(2.18) 



where en-m-L is an orthonormal basisvector for the representation space of the principal unitary 
series, where e*^ = q^^^ , and a,b,c are the parameters as in ( p.l5| ). We prove that A intertwines 
the action of A, B, C, D in the tensor product representation with the action in the direct integral 
representation, i.e. 



2 In 9 



Aovr^ 



vr 



fe2 



(A(y)) = I <,(y)dpoA, Y = A,B,C,D. 



(2.19) 
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We use ( |2.2[ ), ( p.3[ ) and (2^) to determine the action of B in the tensor product. For n2 = n and 

ni — = p > 



^fc2-fci-p-i^(l - g2n+2p+2)(i _ g4fci+2n+2p) ^ ^^(^03 Q; aq^ , b, c\q^)w{cos 9; aq^, b, c\q^)ep+i-Ld9 

- ^fci-fc2+P+i^(i _^2n)(i _^2fe2+2n-2)^ P„_i(cos 6] aq^ , 6, c; g2)w;(cos 0; ag^ 6, c; q^)ep+i-Lde 

[ |1 - g2(^'i-fc2+P+5)e*''|P„(cos 0; a, 6, c|g2)u;(cos 0; a, b, c\q'^)ep+i-Ld0 
Jo 



' 21nq 



= {q~'-q) J <,(i?)dpoA(e, 


Here we use ( |2.17|) and the contiguous relation 



y^(l — ab){l — ac)Pn{cos 9; a, b, c\q'^) = 

V(l - a6g2n)(i _ acg2«)P„(cos6i;ag^6,c|g2) _ 0^(1 - q'^''){l - bcq'^''-''^)Pn-i{cose; aq'^ ,b,c\q'^). 

(2.20) 

This relation can be verified by expanding 

n 

— ab){l — ac)Pn{cos 9; a, b, c|g^) = CjPj{cos 9; aq"^, b, clq"^), 

j=0 

where 

Cj = / a/(1 - a6)(l - ac)Pn{y-,a,b,c\q^)Pj{y;aq^ ,b,c\q^)dm{y-,aq^ ,b,c\q^). 
JR 

From ( p. 17 ) and the orthogonality relations for P„ follows that cj = for j < n — 1. We determine 
Cn and Cn-i from the orthogonality relations and the leading coefficient Ic of Pn{cos9;a,b,c\q'^), 

lc= ^ ^ 

y'{q'^,ab,ac, be; q^)n 

Relation ( |2.20| ) can also be found from theorem |2.1| and remark 2.2, by substituting a 0, d i-^ ag 
and a ^ a. 

For p < we find the intertwining property of A for the action of B in the same way, using the 
contiguous relation 



|l-ag-VT 



■sj {1 — abq 2)(1 — acg ^ 



:P„(cos 9; a, b, c\q'^ 



- ag"V(l - g2"+2)(l - 6cg2")p„+l(cos6l;ag-^6,c|g^) 
+ V(l - a6g2n-2)(i _ acg2n-2)_p„(cos 61; ag~^ 6, c|g^). 

This relation can be verified in the same way as ( ^3o|) . 

We can check the intertwining property of A for the action of C similarly, or we can find it using 
B* = —C and the fact that A is unitary. For the action of A and D the intertwining property of 
A follows by a straightforward computation, using (|2.2|), ( |2.3D , (2.4) and ( |2.5| ). 



For ki + k2 < ^ the measure dm^ (•; a, b, c|g2) has one discrete mass point. Now the intertwining 
operator A is defined similarly to ( p. 181 ), where in the discrete mass point e„j_n2-L is a standard 
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orthonormal basisvector for the representation space of the complementary series. 

For ki — k2 < —\ the measure dma (•; a, 6, c|g^) has finitely many discrete mass points. Again 
the intertwining operator is defined similarly to (2.18). Now in the discrete mass points the or- 



thonormal basisvectors are {—l)'^^~'^'^ek-ni-n2i where ek-ni-n2 are the standard basisvectors for 
the representation space of the negative discrete series and k is the summation index for the discrete 
part of the measure as in (|2.g|). □ 

Remark 2.5. Note that the strange series representations do not appear in the decomposition of 



theorem 2.4. The decomposition in theorem 2.4 looks similar to the decomposition of the tensor 



product of a positive and a negative discrete series representation of the Lie algebra su(l, 1), see 
]lO| . However for the quantum algebra [/g(su(l, 1)) the action of the Casimir in the tensor product 
is bounded, contrary to the Lie algebra case, where the action of the Casimir in the tensor product 
is unbounded. 

3. Overlap coefficients 

In this section we consider the action of a self-adjoint element YgA in C/g(5u(l, 1)) , where Yg 
is a twisted primitive element. We determine (generalized) eigenvectors of this element in the 
discrete series, the principal unitary series and the complementary series representations. The Al- 
Salam and Chihara polynomials and the little g-Jacobi functions appear as overlap coefficients. 
Then we consider the action of YgA in the tensor product. We find the generalized "uncoupled" 
eigenvectors for the tensor product representation and the generalized coupled eigenvectors for the 
direct integral representation. The Glebsch-Gordan coefficients for the generalized eigenvectors 
turn out to be Askey- Wilson polynomials. As a result we obtain two summation formulas for the 
orthogonal polynomials involved. 

3.1. Orthogonal functions and polynomials. The Al-Salam and Chihara polynomials Sn were 
first investigated by Al-Salam and Chihara in j^. The polynomials Sn form the subclass of the 
Askey- Wilson polynomials with c = d = 0; 

Snicos9) = Snicos9;a,b\q) = pnicos9;a,b,0,0\q) = a "■{ab;q)n3f2i ' ^5 q !^'^)- (^•^) 

The orthonormal Al-Salam and Chihara polynomials s„ are orthonormal with respect to the mea- 
sure dm{-; a, b\q) = dm{-; a, b, 0, 0\q) and they satisfy the following three-term recurrence relation 

(y) + g"(a + 6)s„(y) + 

, 3.2) 

an = y/il-abq^-^){l-q^). 

In base q~^ > 1 the moment problem corresponding to the Al-Salam and Chihara polynomials 



is determinate for certain values of the parameters. If we rewrite the recurrence relation (3^) for 
Sniy;a,b\q-'^), using 



~Sn{y;a,b\q-') = {-ir \) J j " P„(2y) 




we find the recurrence relation for Pn{y); 

(1 - g-+i)P„+i(y) = (a + 6 - yq^Pniy) - (ab - q^-^)Pn-i{y). 

This is the form Askey and Ismail use in [Q, §3.12] to determine the orthogonality relations. Without 
loss of generality we assume \a\ > \b\. The moment problem corresponding to the polynomials P„ 
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is determinate if and only if a 7^ 6 and \q\ > \b/a\, cf. [Q, Thm. 3.2]. From eq.(3.80)-(3.82)] we 
find that Sn(y; cl, b\q^^) is orthonormal with respect to the measure dfj,{y; a, b\q~^) defined by 

00 

fiy)d^iy;a,b\q"') = /(^(aO)!^^, 

p=0 

where 

Remark 3.1. The Al-Salam and Chihara polynomials in base q~^ are closely related to the little 
g-Jacobi polynomials p„. The orthonormal little g-Jacobi polynomials Pn are defined by, see 



-/ u \ I - abq^"-+^ {aq,abq;q)n . x_„ , , n 

Pn{x; a, b; q) =W — — — {aq) " p„(x; a, 6; g , 

y 1 - a6g (g; 6g; g)„ 

fq-^,abq-+^ 
Pn{x;a,b;q) =2^pi{ ■,q,qx 



The little (/-Jacobi polynomials are orthonormal with respect to a discrete measure, 

{bq;q)p{aq;q) 
{q;q)p {abq^;q) 



^ u;p(a, 6; q)pn{q^; a, b; q)pm{q^] a, b; q) = 6nm, Wp{a, b; q) = ' ] 1, 2. T ("g)^- 



p=0 

The dual orthogonality relations for the Al-Salam and Chihara polynomials in base q^^-, are the 
orthogonality relations for the little g-Jacobi polynomials. In fact 

Sn{fJ-{aq'P); a, b\q'^)^JWp{a,b\q-^) = Pp{q'^; b/a, 1/abq; q)y^Wn{b/a, 1/abq; q). 



This can be shown by transforming the 3(/72-series in the definition (3.1) for the Al-Salam and 
Chihara polynomials in base q~^ into a 2¥'i-series in base q~^ using eq.(III.6)]. Next we write 
this expression in base q by 

(a;<7-i)„ = (a-i;g),(-ar<7-H'^-i). 

Now we have a terminating 2 -series in base q. Finally reversing the summation and using one of 
Heine's transformations [§, eq.(III.2)], we find the desired expression. 



The little g-Jacobi functions </>„(/i(7/); c, d, r|g), see Kakehi [13|, Koelink and Stokman |18, §A.2], 
1^, are defined by 



(3.4) 



where t/'n £ is such that 



ipn+i -ipn = arg { d{l - ^-^) j = arg (^d{l - '^Z' 
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Note that we use a slightly different definition than in |17], IQ. The little g-Jacobi functions satisfy 
the recurrence relation 

(c -|- (i) 

2x(t)n{x) = an(t)n+l{x) H 0n(x) + On-l^n-l (a:) , 

(3.5) 

For < c < g'^, \c/d\ < 1, \d\ < 1, r,c/(fr ^ and (1) rc = (fr or (2) r > 0, c / and 
<^ c/d^ < rq^°, where /cq £ ^ is such that 1 < rq^° < q~^, the little q-Jacobi functions (t>n{x) 
are orthonormal with respect to the measure di'{-;c,d,r\q) given by 

f{x)diy{x;c,d,r\q) = 



1 

2^ 



/(cos^) ie''',c,r,q/r;q) 



de 



(ce*^/d, de*^, dre^^ ,qe^^ /dr; q)^ 

|(c,r,g/r;g)ooP (1 - dV2g2i)(d^)-2j-2^-jO+i) 



(3.6) 



(g;g)2^ {crqi,cq ^ /d'^r,d'^rqi,q ^/r;q), 

\q-i/dr\>l 



Note that more general conditions for orthogonality can be given, see |18|. The conditions given 
here are related to the action of a twisted primitive element in the principal unitary series (1) and 
in the complementary series (2). This will be explained in the next subsection. 

3.2. Eigenvectors for 7r+, tt", tt and 7r<^. For s G M \ {0} we define an element 1"^ by 

Ys = qlB-q~lc+'-^^{A-D)eU^{5u{l,l)). 
q — q 

is a twisted primitive element, i.e. ^{Yg) = A^Yg + Ys® D. Twisted primitive elements are 
elements which are much like Lie algebra elements, see e.g. |2l|. We consider the action of 

YgA = qlBA- q-'^CA + ^^-^{A^ - 1), 

q -q 

which is a self-adjoint element in {7g(5u(l, 1)) . We start with the action in the discrete series 
representations. 

Proposition 3.2. The operator 0+ defined by 

e+ : f{Z>o) L2(M,dm(-;sg2^,Q^Vsk^) 
en ^ Sn{-,sq^^,q^^ /s\q^) 

is unitary and intertwines Tr'^iYgA) acting on £2(Z>o) with {q^^ — q)^^ M2x-2fi(s) acting on 
(M, dm{x; sq^^ , q^^ / s\q'^)) . 

This is proposition 4.1 in Koelink and Van der Jeugt It is proved by showing that t:^{YsA) 
is a bounded self-adjoint Jacobi operator, corresponding to the recurrence relation ( |3.2| ) for the 
Al-Salam and Chihara polynomials. Note that the spectrum of 77^(1^ A) consists of a bounded 
continuous part and a (possibly empty) finite discrete part. The proof of the next proposition is 
completely analogous, using an unbounded, essentially self-adjoint Jacobi operator. 

Proposition 3.3. For \s\ > q~^ the operator Q~ defined by 

e- : £\Z>o) ^ L2(M, dfi{-; sq-^\ q-^^ / s\q-'')) 

e„^(-l)"5„(•;s(?-'^g-'V^k"') 
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is unitary and intertwines 7r^(ysA) acting on ^^(Z>o) with {q^^ — 9)^^-/^2/^(g2fc+2p/s)_.2/i(s) acting on 
L'^{R,dfi{-,sq~'^'',q'^''/s\q-'^)). 

Observe that the spectrum of tt'^{YsA) is discrete and unbounded. From here on we assume 
|s| > q~^ in order to make the moment problem corresponding to the Al-Salam and Chihara 
polynomials in base q~'^ a determinate moment problem. 

From proposition 3.2 we conclude that for x £ [—1, 1] 

oo 

v+{x) = ^ sn{x; sq^\ q^^'ls\q^)en (3.7) 

n=0 

is a generalized eigenvector of t:^{Ys-^) for the eigenvalue 2(x — — q). If x is in the 

discrete part of the support of the measure dm of proposition |3.2|, then v^{x) is an eigenvector of 



t:^{YsA). Further we conclude from proposition 3^ that 

oo 

-{p) = Y,{-^T~SnW^^''/s);sq-^\q-^''/s\q-^)en (3.8) 



oo 

V~ ] 

n=0 



is an eigenvector of tt~^{YsA) for the eigenvalue 2{^{q^'^^'^'P / s) — ^{s))/{q~^ — q). 

Next we consider the action of YgA in the principal unitary series and in the complementary 
series. 

Proposition 3.4. The operator defined by 

: £\Z) ^ L\R,du{-,qys^q''P+'/s,q'-^'~''P\q') 

en^M-,Q'/s',q''''-'/s,q'~'^~'^^^\q') 

is unitary and intertwines 7rp^{YsA) acting on £^(Z) with {q~^ — q)^'^ M2x-2i^i{s) acting on 
L2(M, du{x; q^s^ q^^P+^/s, q^-^'-'^'P\q'^)) . 

Note that the spectrum of -Kp^^iYsA) consists of a bounded continuous part and an unbounded 
discrete part. Proposition 3^ generalizes the discussion in §6]. 

Proof. Using (2^) we see that -K^^^iYsA) is a doubly infinite Jacobi operator, see corre- 
sponding to the recurrence relation for the little g- Jacobi functions (|3.5| ). The result then follows 
from the spectral decomposition, which is equivalent to the orthonormality relations for the little 
g- Jacobi functions. □ 



Remark 3.5. (i) Observe that the support of the measure dv in proposition 3.4 does not depend on 
p, so that the spectral value 2(x — /^(s)) /{q~^ — q) also does not depend on p. 

(ii) For this set of parameters, a convenient expression for the phasefactor e*'^" in the definition 
of the little g-Jacobi functions, is 

(„l-2n-2£-2ip. „2\ 

e'^- = (-sgns)" 



\(ql-2n-2e-2ip.q2-^^ 



If we now transform the 2'/'i"Series in the definition of the little g-Jacobi function into a 2V2-series, 
using M, eq.(III.4)], we find 



2 ,2 2ip+l I ^-2e-2ip^2^ 



■2¥'2 n/„2 ..„2-2.-2n/„ 5 9 /^^ 



qj |(9l-2"-2n-2ip.g)^| ^^^y q2/s2^yq2-2e-2n/g 
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So we see that 4)n{x;q /s ,q ^^~^ /s,q 



l-2e-2ip 



q^) is symmetric in q^'^P and q To stress that 



g^*^"'"^/s, besides a function of x, is also a function of p, we will also use 

the notation 0„(j;; cos ■0), where e*'^ = q^^f . 

(iii) Formally, for q^^P = g2fci-2fc2-2j+i ^ i.e. y = IJ-iq^''^') is a discrete mass point of the 
measure dm for the continuous dual q-Hahn polynomials corresponding to a negative discrete series 
reprensentation, the little (7-Jacobi function becomes an Al-Salam and Chihara polynomial in base 
q~^. Indeed, for these values of p the 2931-series in the definition of the little (;-Jacobi functions 
can be transformed into a terminating 2¥'i-series. 



Proposition 3^ states that for x G [— 1, 1] 



^l-2.-2ip|^2)g^ 



(3.9) 



is a generalized eigenvector of TTp,,{YsA) for the eigenvalue 2(x — p{s))/{q~^ — q). If x is in the 
discrete part of the support of the measure dv of proposition 3.4, then [x) is a real eigenvector 
of TTp^^iYsA). Also proposition shows that 7r^j(YsA) is essentially self-adjoint for |s| > 

The result for the complementary series representations follows directly from proposition |3.4] by 
replacing — ^ + ip by A. 

3.3. Coupled and uncoupled eigenvectors. Next we consider the action of YgA in the tensor 
product representation vr^^ vr^^ . Denote 



n.,n,{x,p) = {-ir~SnA^-,sq''^--''---'^,q''-+-''^^^^^ 



-2A:2 



(3.10) 



and let dm{x,p) denote the measure 



dm{x; sg2fci-2fc2-2p^ g2fci+2fc2+2p/^|^2)^^(^^. , 



-^'''s,q-^''ys\q- 



(3.11) 



Recall that dp{x2) is a discrete measure, with mass points in X2 = p{q^^'^^'^^ / s) , p G Z>o. Observe 
that the number of discrete points of the orthogonality measure dm{x) for the Al-Salam and Chihara 
polynomials depends on p. For p — > 00 the number of discrete mass points of dm{x) tends to 
infinity. 



Proposition 3.6. The operator T defined by 



X Z>o, dm{x,p)) 



Fn\,n2 {^jP) 



is unitary and intertwines TT^^^TT^^(^A.{Ys A)) acting on £'^{'L>Q)®i?{'L>Q) with {q ^■ 
acting on L^(M x 7j>Q,dm{x,p)) . 

Proof. We have A{YsA) = + YgA 1, so the action of YgA is 
(g-^ - g)vr+ 7r^^(A(n^))e„, 



2a;-2/i(s) 



Define for fixed p an operator Tp by 



-n2 







7Tf^^{YsA)en, +{q ^ - q) 7r+(y,^)e„, 



Tp(e„, ®e„,) = (-l)"2s„,(M(g''^^+'7s);'? 



'2fc2 



s,q 



-2fc2 



acts as a 



then from (|2.3|) and proposition ^ we find that Tp (g ^ — (7)7r^^ (S) tt^^ (^(^s^)) + 2//(s 
Jacobi operator that can be identified with the three-term recurrence relation for the Al-Salam and 



Chihara polynomials (p.2|). Then the proposition follows in the same way as proposition 3.2. □ 
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Proposition 3^ states that for x G [—1, 1] 



oo oo 



(3.12) 

ni=0 712=0 

is a generahzed eigenvector of vr^^ (g) tt^^ (A(y<jj4)) for eigenvalue 2(3;(p) — /i(s)) / {q^^ — q). If x is in 
the discrete part of the measure dm{x; sg2A;i-2fc2-2p^ g2fci+2fc2+2p^g|^2^^ then T;(x,p) is an eigenvector 
of vr^^ (g) vr^^ (A(ys^)) • We call v{x, p) the uncoupled eigenvector of tt^^ (gi vr^^ (A(ys^)) , even though 

v{x,p) 7^ t'^(x) (8) 'y^(p), 



due to the noncocommutativaty of the coproduct A. Proposition |3^ also implies that vr^^ (gi 
7r^^(^A{YsA)) is essentially self-adjoint. 

Next we want to determine how T acts on elements in the representation space of the direct 
integral representation J iip^^dp. If there do not appear discrete terms in the decomposition of 
theorem (p.4|), we define for appropriate functions g an operator by 

TT TT 

Tg : L2(-1,1) ®£2(Z) ^ / f{Z)dil;^ / L'^{R,du{-,q'^/s'^,qe''^/s,q^-^'e-'^\q'^))d'il; 





/®e„^ / f{cosi;)g{cosi;)Mx;qVs^qe'^/s,q^-^'e-'^\q^)dij, 
Jo 

where we put e*'^ = q'^^f. If discrete terms appear in the decomposition in theorem 2.4, we must 



add discrete terms in the definition of T^. We leave this to the reader. We use proposition to 
see that intertwines J® 7rp^{YsA)dp with {q~^ — q)~^ M2x-2ii{s) function g. Now from 

the Clebsch-Gordan decomposition ( p. 14 ) and proposition |3.6| we find that there exists a unique 



function g, such that T = T^, or equivalently, for n = min{ni,n2}, 

Fni,n2{x,p) = / g{y)Pn{y)4'm-n2-L{x]y)dm^y), (3.13) 
Jr 

where dm is the orthogonality measure for the continuous dual g-Hahn polynomials Pn with pa- 



rameters as in theorem 2.4. We write (/>„(x;y) to stress the fact that the little g-Jacobi function 
depends on x as well as y = cos^ = fi{q'^'^P), see remark ^|^(ii). Recall that e = ki — k2 + L. 
Observe that g is the Clebsch-Gordan coefficient for the bases of (generalized) eigenvectors v{x,p) 
and v^{x). Therefore g does not depend on ni and 122- Also g is uniquely determined by the the 



choice of bases and the intertwiner in theorem 2.4. 



The determination of the Clebsch-Gordan coefficient g is the crucial step in this paper. To sketch 
the idea we have depicted the support V of the measure dm{x,p) of proposition |3^ in figure ^ in 
two ways. On the left we have drawn horizontal lines to depict the orthogonality of -Fr7i,n2 on P, 
cf. ( |3.10| ), ( 3.11 ). On the right we have split up D in broken lines, and each broken line is the 



support of the measure du of proposition |3.4 So the little g-Jacobi functions form an orthogonal 
set of functions on each broken line. It remains to find the orthogonal functions in the m-direction 
to complement the little g-Jacobi functions to an orthogonal basis on D. This gives the function g. 
Because of all the discrete mass points a lot of bookkeeping is necessary. 



Let |xo| < |xi| < \x2\ < ... denote the discrete mass points of the orthogonality measure 
for the little g-Jacobi polynomials di'{x;q'^ / s'^ ,qe^^ /s,q^~'^'^e~^^\q'^). So xq = p.{sq^^^~'^^^~'^^), ... , 
xi = //(sg^'^i"^'^^"^''"^'), where j is the smallest integer such that |s|(7^*''i~^'^2-2j > i_ Farther let k+1 
be the number of discrete mass points of the orthogonality measure dm{-:,sq^'^^^'^^'^ ,q^^^~^'^^'^ / s\(f') 
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Figure 1. Lefi 
picture with variables x and m. 



a simplified picture of the support of dm{x,p). Right: the same 



for the Al-Salam and Chihara polynomials. Observe that these discrete points are exactly the 
points xq, . . . , Xk, so j = —k. We define a measure dM{-;x,p) by 

dM{y; x,p)dm{x,p) = dm{y; a, b, c, d\q^)di'{x; / ,qe^^ / l^'"^^ U = cos -0, 



where dm{x,p) is given by ( |3.11| ). For x = fi{u) G [—1,1] and for x = fi{u) = xi, I < k the 
parameters a, 6, c and d are given by 

a = qu/s, b = q/us, c = g2te-2fci+i^ ^ ^ ^2fei+2fc2-i^ (314) 

and for x = xi, I > k, 

Q ^ ^2fei-2fc2+l ^ ^ ^2fc2-2A:i+2«-2fc+l^g2 ^ ^ ^2fc2-2fci+2«-2A:+l ^ ^ ^2A:i +2^2-1 (3 15) 

We denote the value of the measure dM{-; x,p) in a points y by W{y; x,p). Finally let m £ Z>o be 
the number 



m 



p, if X £ [—1,1] OT X = xi, I < k, 

p + k — I, if X = xi, I > k. 

This relation is depicted in figure |. Now we claim that the function g is given by 



(3.16) 



9{y) = e"^Pmiy; a, b, c, d\q'^)^/W{y■, x,p), 



where a G M is fixed. To stress that the Askey-Wilson polynomials with parameters ( |3.14 ), (3.15) 
depend on x = /u(u), we use the notation 

Pm{y; a, b, c, d\q^) = Pm{y; x). 

To verify our claim we prove the following proposition. 

Proposition 3.7. Let m G Z>o be as in ( |3.16| ), then for n = min{ni,n2} 



Proof. First observe that it is enough to prove the proposition for ni = n2 = 0, then ( |3.17| ) follows 
directly from ( p.l3| ). 



We use the generating function for the Askey-Wilson polynomials from theorem 2.1. We write 
the 8</'7-series as a sum of two 4(/93-series, using [§, eq.(III.36)]. Now first we let i ^ and then 
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let r — > 0, then the second term vanishes and the first term becomes a 2¥'2-series. So we find after 
using Jackson's transformation eq.(III.4)] 

{abed, ce~^^;q) oo fae^'^,be^'^ _-^{abcd;q)2niabc)"-q"-^"'~^^pn{cos'4';a,b,c,d\q) 

(3.18) 



{ac,bc;q)oo '^^^y ' J {q,ab,ac,bc,abcdq'^ ^',Q)n 



We leave it to the reader to verify that it is allowed to interchange limits and summations. Formula 
(|3.18| ) can also be proved directly using (|2.7|) and a limiting case of Jackson's summation 
eq. (11.20)]. We choose the parameters a, b, c, d as in ( 3.1^ ), then (|3.18| ) gives an expansion of 
the little g-Jacobi function 0_i^(/x(ii); q"^ / s'^ , qe^'^ / s , gi2fc2-2A:i-2L+ig-«V'|g2-j -^^ terms of Askey- Wilson 
polynomials of argument costp. 

We consider first the case x = fi{u) G [— Ijl] and ki + k2 > ^. We use ( ^^ ) to write the 
Askey- Wilson polynomials in the orthonormal form. We multiply for fixed p G Z>o both sides 
of equation (|3.18| ) with pp{cosil);a,b,c,d\q'^), where a, b, c, d are given by ( 3.14| ), and integrate 
against the orthogonality measure dm{cosip;a,b,c,d\q'^), see (p.9|). Using the orthogonality of the 
Askey- Wilson polynomials, we obtain 

1 r / qne^Vs,qe^Vus . ^2^g2k,-2k.+l^^^A p^^,^, ^. ^^/,, ^/^,, ^2..-2.,+i^ ^2..+2fc.-i|^2) 
Jo \ q /s J 

X 



(^4^2+2/^2.^2) 

(e2^^;(z')oo 



(gue^V' js, ge*^ jus, g2fc2-2fci+igiv, g2fci+2fc2-ie#; q^)^ 

(g4fc2+2/,2. ^2)^^(^^2fc,+2.2/,, 52fc,+2fc2/„,, ^4.2; ^2)^ -2.,+l /^2 )p^2p^ 



V (g^ 9^ /s2, V'^^^^'^i+Vs, g2fc2-2fci+2/^S^ ^4fe2+2p/s2. ^2 

(3.19) 

By a straightforward calculation we see that ( |3.19| ) is the same as (3.17) with ni = 712 = and 
m = p. 

For X = \i{u) G [—1,1] and fci + A;2 < ^ the calculations proceed analogously. In this case 
dra{-\a,b,c,d\q), where a, 6, c, d are given by ( |3.14| ), has one discrete mass point. This discrete 
point corresponds to the complementary series representation occurring in the tensor product de- 
composition in theorem 2.4. 

Next let us consider the case x = /i(n) = xi, I £ Z>o, where |xo| < |xi| < \x2\ < ■ ■ ■ denote the 
discrete mass points of the measure du^-'^q^ / ^qe^"^ / s,q^^'^~'^^^~'^^~^^e~^^\q^). Note that the sum 
for the discrete part of the measure dv, see ( |3.6| ), starts at index —{k + \). In this case we find 
from (|1|), 

a = g2/ci-2fc2+2fc-2«+l ^ _ ^2fc2-2fci+2«-2fc+l j ^2 

Note that \b\ < 1 for all I. So the orthogonality measure dm{-;a,b,c,d\q'^) for the Askey- Wilson 
polynomials only has discrete mass points for a > 1 and d > 1. 

For I < k we can just repeat the proof as for x £ [—1, 1]. So we now assume I > k. First consider 
the casern = 0. From figure^ we see that is not inside the support of (im(-; sq^'^^"^'^^, ^^'^^'''^'^^/slg^), 
i.e. xi does not lie on the level p = 0. So in this case p ^ m. From the figure it is clear that we 
must have m = I — k. For arbitrary m we find in the same way m = p + k — I. We now prove that 
this is indeed true. 

Again we repeat the proof as for x £ [—1,1], but only for p > I — k. We still use here the 
parameters a, b, c, d given by ( f3.14 ), then we find an equation similar to ( 3.19| ). We put n = k — I 
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and we use ( |2.7| ) to rewrite the 4(/33-series in the Askey- Wilson polynomial Pp(cos -0; a, b, c, d\q); 



-Ppicosij; (^2fci-2fc2-2n+l^ ^2fc2-2fci+2n+l/g2^ ^2fc2-2fci+l ^ ^2fci+2fc2 -1 1 ^2) 



^(^2/c,-2fe-2n+l)-p(^2/^2^ ^4/c,-2n. ^2)^ 

P („-2p „4A:2+2p/„2 „2A:i-2A:2-2n+l „iV „2fci-2fc2-2n+l „-i?/). „2\ „2j 

W ' y /-^ 1 y ^ ' y g iq )j q / 2-2n+2.?. 2^ 

(g2,g2/s2^g4fci-2n.g2). ^ , Joo 

= ((72fci-2fc2-2n+l)-p(^2/^2^ ^Ak,-2n. ^2)^ (g ^Q) 

p — 71 

X 



/'„-2p „4fc2+2p/„2 „2fci-2fc2-2n+l„ji/' „2fci-2fc2-2n+l „-ji/'. „2\ „27i+2j 

E W ; y ; y ; g ^ ; Jn+t q / 2+2i 2\ 
(g2,g2/52^^4fci-2n.g2) . . .. W ; 9 jc 



/'„2+2n. „2\ 

■ W ,q )oo , 2p 4fci+2p/ 2 2n i / 2fci-2fc2-2n+l jV- „2^ |2 -n(2fci-2fc2-2p-l) 

' (r,2+2n. rr2\ / ) v M I w e ,g j„| g 

\q 1 y jp— n 

X Pp_„(cOS V; g2fci-2fc2+l^ ^2fc2-2fci+2n+l /^2^ ^2fc2-2fei+2n+l ^ ^2fci+2fe2-l . ^2^ 



So now we find an Askey- Wilson polynomial Pp-n = Pp+k-i with parameters given by ( 3.15 ). Again 
a straightforward calculation gives (IsTtI) with Til = n2 = 0. □ 



Remark 3.8. (i) Note that discrete terms in ( |3.17 ) corresponding to the sum of negative discrete 



series in the decomposition (see theorem |2.4| ) occur only when x = xi. Since (at least formally) 
the little g-Jacobi polynomials become Al-Salam and Chihara polynomials in these discrete terms, 
this corresponds to the fact that the Al-Salam and Chihara polynomials in base q~'^ are orthogonal 
with respect to a discrete measure. 



(ii) An interesting special case is when n2 = p = 0- Then proposition 3.7 gives a integral 
representation for the Al-Salam and Chihara polynomial in base q'^. 

(iii) Let V cM? denote the support of the measure dm{x,p). Then it is clear that the polynomials 
Pni,n2{x,p) form an orthonormal basis on V. Since the functions Gy^„(x,m) = pmiv, x)4>nix;y) 



also form an orthonormal basis on V, proposition |3.7| gives a connection formula between two 
orthonormal bases on D and the continuous dual g-Hahn polynomials have an interpretation as 
connection coefficients. Figure |l] gives a picture of P for both orthonormal systems. 



(iv) Proposition 3^ gives a formal relation between the generalized eigenvectors ( 3.12 ) and ( [j.9| 



v{x,p) = {-sgns) Pm{y]x)v {x)dM2{y-x,p). (3.21) 



This shows that the Askey- Wilson polynomials have an interpretation as Glebsch-Gordan coeffi- 
cients for f/g(su(l, 1)). 



3.4. Summation formulas. From proposition |3.7| we can derive two summation formulas for the 
Al-Salam and Chihara polynomials; the first using the orthogonality of the continuous dual g-Hahn 
polynomials, the second using the orthogonality of the Askey- Wilson polynomials. For simplicity 
we assume x = cosO £ [—1, 1] and y = cosip £ [—1, 1]. However it is clear from the proofs how to 
extend the results to the general case. 

Theorem 3.9. Let m £ p £ Z>o and s G M, with \s\ > q^^ . For the Askey-Wilson polynomials 
Pp, the continuous dual q-Hahn polynomials Pn and the Al-Salam and Chihara polynomials Sn, the 
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following summation formula holds 



oo 



n=0 

xP„(cOS^;g2fci-2fe+2m+1^^2fci+2fe-l^g2fc2-2fci+l|^2) 

= Pp(cos tP; qe'^/s, qe-'^s, ^2^2-2^1+1^ ^2fci+2fc2-i|g2) 

^^^^'-^V^.^e^^'^-^'^V^ .,2 2.,-2.,-2..-l-2 ^ 



(3.22) 



where 



j2 j g2 g2A:2-2fci-2m+2gie 



/ 1 \n+m^n(2fc2+l) „n(n-l)— m{m— l)+2p{p— 1) 

\~^) 9 ^ (^^^2fci-2fc2-2^-m(^<,2^2fci-2fc2-3^-p 



('„2 „4fc2 „4fci+2m „2+2m.„2 

vy 5 y ) y > y ) y 

^2. ^2a 



(^2+2„^^^4fci+2m.^2)^ (^4/02.^2 



(g2 /s2^ g2fc2-2fci-2m+2eie /g. g2)^ 



^g2A:i+2fc2+2pgj6» g2A;i-2/c2+2m+lgi^/i. ^2^^ 



Here we use the convention s_„ = for n > 1. So for m < the summation starts at n = — m. 
In this case the continuous dual g-Hahn polynomial P„ is in fact a multiple of the polynomial 

Pn+m (cos V'; g2fe2-2fci -2m+l ^ ^2fci+2fc2-l ^ g2fei -2fc2+l | ^2) _ 

Proof. First we assume m > 0. Note that the 2'/'2-series in ( |3.22| ) can be written as a little g-Jacobi 
function (j)m-L{cos9;q'^/s'^,qe^^ /s,q'^^^~'^^^~'^^~^^e~^^\q'^), see remark 3^, We expand the product 
of the Askey- Wilson polynomial pp(cos ip; cos 6) and the 2V2-series on the right hand side of ( 3.22 ) 
in terms of continuous dual g-Hahn polynomials P„(cos ip; gi2A:i-2fc2+2m+i^ g2fci+2fc2-i^ ^2^2-2^1+11^2-^. 

00 

Pp(cOS ■0; cos 0)(7!)m-L(cOS ^; COSV') = CnPn(cOS Ip). 

n=0 

Now we write the polynomials Pp and P„ in orthonormal form. Multiplying for fixed k G Z>o both 

sides with Pfc(cos V'; 9^'^^"^'^^'*'^™''*'"^, 9^'^^'^^'^^""'^, Q^'^^'^'^^^^k^) and integrating against the orthogo- 
nality measure dm{cos'ip;q'^'^'^~'^'^^'^'^"^'^^,q'^'^'^^'^^'^~^,q'^'^^~'^'''^^^\q'^), we find from the orthogonality 
of the continuous dual g-Hahn polynomials and proposition 

Cn = CFn+m,n{cOSe,p), 

where C = C{cosip,cos9,p,s,ki,k2) comes from the orthogonality measures. So now we have 
( 3.22| ) with all the polynomials in orthonormal form. Writing all the polynomials in the usual 
normalization, we find after careful bookkeeping the desired summation formula for m > 0. 

Next we assume m < 0. Applying the same method as above with the continuous dual g-Hahn 
polynomial Pn{cosip]q'^''^-^''^-^'^+^,q^''^+^''^-^,q^''^-^''^+^\q^), we find 

00 

J2 dnSnicos 9; .g2fci-2'=.-2p, g2.,+2.+2p/^|^2)^^^^(^(^2fc2+2p/^). sq''^\ q'^^^ / s\q-^) 

n=0 

X Pr,{cosi;-q^''^-^^^-^'^+\q^'''+^^^-\q^^^-^^^+^\q^) 
= ppicos ^- qe''/s, qe-^'/s, q^k,-2k,+i ^^2k,+2k,-i^g2^ 



X 2^21 



qe^ '/s,qe^ 'js 2 2k2-2ki~2m+2^-ie ^ 

q2 j g2 g2fc2-2fei-2m+2gi6»y'g ' ^ i" 
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where 



^ -^ •jn+mq{n—m)(2k2+l) ^(n— m)(n— m— l)+2p(p~l) 



(^2 „4fc2-2m „4ki „2—2m. r,2\ 

,9^ 



m/ 2 2fci— 2A;2— 3\— p 



(g2-2™,g4fc,^^4/c2-2m.g2)^(^4fc2.^2)^ 



, g2 /s2^ ^2fc2-2fci~2m+2eie /g. ^2)^ 



(^g2A:i+2A;2+2pgie y'g^ g2fci-2A;2+lgjV; g2^^ 



Now we use (2.11) and the symmetry in the parameters a and c to rewrite the continuous dual 
g-Hahn polynomial, cf. ( 3.2[1| ); 



^q2-2^^g4k,.q2-^^ 



(g2-2m^^4fci.g2 

/_i \m m(m-l)+2m( 2ki-2k2+2m+l\-m \9 'i Q )n[Q 



4fci+2m „2+2m. „2\ 

) y 1 y joo 



('„2 „4fci+2m „2+2m.„2^ 

w ' y ) y ' y jn—m 

X |(g2'=i-2'=2+le#.g2)^|2p^_^(^^g^.^2fci-2fc2+2m+1^^2fci+2fc2-1^^2fc2-2fci+l^^ 

We now shift the summation index n i-^ n + m to see that the expression for m < is the same as 
for m > 0. □ 

Theorem 3.10. Let m £ Z,, n £ Z>o and s G M, with \s\ > q^^. For the Askey-Wilson polynomials 
Pp, the continuous dual q-Hahn polynomials Pn and the Al-Salam and Chihara polynomials Sn, the 
following summation formula holds 



2fci-2fc2-2p 2fci+2fc2+2p 



/S|g2),„(^(g2te+2p/^). 



y^^CpSn+ni{cos0;sq' 

xpp{cosi;;qe''/s,qe-''/s,q^'''-^'^+' .2^■l+2/c2-lu2^ 



■,sq 



-2k2 „-2k2 



where 



p^j-pQg^. ^2fci-2fc2+2m+l „2fci+2fc2-l ^2fc2-2A:i+l |^2^, 



qe^^ ■^)/s,qe^('+^)/s _ , 2k2^2k,-2m+2^-ie 



^ 2¥'2 [ ^2y'g2^ ^2fe2-2fci-2m+2pje ' ^ ' 



/„4fc2+2/„2 2\ 1/ 2A:2-2fci+2p+2 10/ \ |2 

^ jg ;g )2p\\q e /SJool / 2fc2-2fci-3 / 2'|P 2p(p-l) 

^ (g2,g2/52^g4fc2+2p/52.g2)^ W J g 

^ 'Y'^n+m ^{l+2k2) ^gq2ki — 2fc2 ^— mgn(n— l)~m(m— 1) 

^ (g4fc2+2 /s2^ g2fci-2fci-2m+2gie ^2)^ " 

Again the convention = 0, n > 1, is used. 



Proof. The proof runs along the same lines as the proof of theorem 3.9 



□ 



Remark 3.11. (i) In view of remark 3A. we can replace the Al-Salam polynomial in base ^ in 
theorems and ^.lOl by a little g'-Jacobi polynomial in base g^; 



(_l)n+p^-n(n-l)-p(p+l)^2p^-2nfc2 (,2^4.2. ^2)^_^ (^2/^2. ^2)^^^(^2n. ^-2^ ^. 



2 „4fc2-2. 2 



)• 



(ii) An expression also involving Al-Salam and Chihara polynomials, with a structure that is 
similar to, but simpler than, the expressions in theorems and p. 10 , can be found in |11, Thm.4.3]. 
The expression in Q does not seem to be related to the expressions in this paper, since it involves 
two Al-Salam and Chihara polynomials in base q. 



(iii) Theorems 3^ and 3.10 may both be considered as g-analogues of [0, Theorem 3.6]. 
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(iv) Theorem |3.9| gives the inverse connection formula for the two orthogonal bases mentioned 
in remark |3.8| (iii) on V, see also figure ffl^ 

(v) If we take n = m = in theorem 3.1C, we find the summation formula (3.18). 



4. HOLOMORPHIC AND ANTI-HOLOMORPHIC REALIZATIONS 



In this section we realize the basisvectors for the representation spaces of the discrete series rep- 
resentations as holomorphic and anti-holomorphic functions. In these realizations the eigenvectors 
f"*" and v~ , ( ^.7] ) and (|3.g| ), become known generating functions. Using the realizations of the 
standard basisvectors and of the eigenvectors, we find a bilinear generating function for a special 



type of 2Vi-series. See also [25] and |23| where similar realizations are being used to find generating 
functions related to positive discrete series representations. 

To simplify notations we assume ki — k2 > —\ and ki -\- k2 > ^, then the measure dm 2 in the 
Clebsch-Gordan decomposition (2.14) has only an absolutely continuous part. Further we assume 
without loss of generality x = fJ,{u) with \u\ < 1, where (2x — 2fi{s)) / {q^^ — g) is a spectral value of 
tTjI'^ <S) 7r^2 (A(ys^)) ) cf. proposition |3.6| . In case discrete terms occur in the decomposition ( |2.14| ), 
the calculations proceed completely analogous. 



4.1. Holomorphic and anti-holomorphic realizations. Consider the Hilbert space Tl^ of holo- 
morphic functions on the unit disk {z G C; jz] < 1} with finite norm with respect to the inner 
product 



if, 9) 



00 

^ (^ 

n=0 



00 

E 

n=0 



Standard orthonormal basisvectors in this space are 



4fc. ^2^ 



(4.1) 



The realization of the positive discrete series representation on the space can be given in terms 
of the dilatation operator Tg and g-derivative operator Dg given by 



The realization is 



Tgf{z) = f{qz), 



1 



{l-q)z' 



Z Dg2Tg-l + Y 



zT 

^2 1 



7^k 



Consider the space TLg of anti-holomorphic functions on the unit disk with finite norm with 
respect to the inner product 



if, 9) 



00 

X] ('/7-4fc. fj-2\ 
n=0 ' ^ ^" 



fn9n, fi^) = J2 •^""^'^ 



n=0 



Standard orthonormal basisvectors in this space are 



' (g-^^g-^)n _„ 



(4.2) 



BILINEAR SUMMATION FORMULAS FROM QUANTUM ALGEBRA REPRESENTATIONS 



23 



The realization of the negative discrete series on the space Ti^ is 

7r-(yl)=g-'=r,-i, 7r-{D) = q%, 



i(3+2A:) 



-4fc 



wTg-1 



Next we use the reahzation of the standard orthonormal basisvectors (4.1) and ( [4. 21 ) to find an 
expression for / i^) e„ G 1, 1) £^(Z) as a function of z and w. 

Proposition 4.1. For n G Z and \zw\ < g^fe-i 
(/ (g) e„_L 



){Z,W) = (-l)"g'^("-l)(u;g-2'=l)-'"(zIZJ-2'=l .2-2n_2 

2fc2-2fci-2n+lp-# „2ki-2k2+lp-iip 



/(cosV') 



(zIiJgl-2'=2e-»V';g2) 



■ 29^1 



-,2-2n 



27r 



=2#. „2 



(■g2A:i-2fc2+lgji/'- g2^^(^g2fc2-2fci+lg«i/)^ g2fci+2fc2-lgiV'^ (^2fci-2fc2+lgjV; ^2")^ 



Proof. We start with the case n < 0. We substitute ( [4.1D and (4^) in the decomposition ( p. 16 ) and 
interchange summation and integration. This is ahowed for a sufficiently smooth function /. Next 
we write out the measure dm 2 exphcitly and we write the continuous dual g-Hahn polynomial in 
the normalization given by ( p.ll[ ) . Then we use the generating function for continuous dual g-Hahn 
polynomials, see |T^, 



E 

m=0 



Pm{cos'ip;a,b,c\q) _ 
{q,ac; q)m 



{ht-q). 



■2^Pi[ 



ac 



; q, te 



\t\ < 1, 



to evaluate the sum. Note that this generating function can be derived directly from theorem 2.1 



by first putting 6 = in theorem pH] and then r = 0. Finally we rewrite the one term inside the 

(4.3) 



modulus signs that depends on n, using 

{aq~'^;q)n = {q/a;q)r 



This gives the desired expression for n < 0. 

For n > we apply the same method, apart from the last step, to find 



(/ 



- -"^---^'^^ g2+2n.^2)^ 



en-L){z,w) = z^{zwq 
/(cosV') 

(^I(;gl-2fc2giV;g2)^ 



(g4fcl,g4fc2;g2) 
2^ 



2931 



2ki-2k2+2n+l -iip 2k2-2ki+l -itp 



^2i%l). „2^ 



q 



■2+2n 



;q ,zwq 



l-2fe2 JV 



dij). 



(•g2fc2-2fci+lgiV'^ g2fci+2fc2-lgiV'^ g2fci-2fe2+lg«V'; g2j 

We use the following transformation to rewrite the 29'1-series; for n ^ Z 



{q^+^-q) 



This behaviour of a 2Vi-series is usually called Bessel coefficient behaviour. Finally using (| 
^^2fe2-2fci-2n+i. ^2^^ and cancelling common factors gives the same expression as for n < 0. 



on 
□ 
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4.2. Realizations of the eigenvectors of YgA. Using the orthonormal basisvectors ( |4.1| ), the 

generaUzed eigenvector v~^, see (3?7|), becomes a generating function for the orthonormal Al-Salam 
and Chihara polynomials (see [|, eq.(3.10)], []T4| ) 



n=0 



(cos ^; ^) = E y / 2 ' ^2^ ^'n(cos g; sq^\ q^^^ /s\q 



2^ „ ^ {szq^^,zq^^/s;q^)c_ 
{zei^,ze-iO;q^)^ 



(4.5) 



Using ( ^.21) the eigenvector f , see (p^), also becomes a generating function (see [Q, eq.(3.70)]) 

,{f,iq"^^''^/s);sq-'^q-'''/s\q-')w- 



V {p;w) 



-4fc. „~2) 



2. „-2^ 



n=0 V 

(sw;?2-2fc-2p^^^2fc+2p+2/^.^2)^ 



(4.6) 



[swq^ "^^^wq^ '^^/s;q^)oo 

These generating functions enable us to give an explicit expression for the uncoupled eigenvector 
v{x,p). From (3.12) and the explicit expressions for and v~ , (4.5) and ([4.6|), we find for x = n{u) 



v{x,p; z, w) 



{zu, z/u, Sl(Jg^~^'^2^^g2-2fc2/gj q^)oo 



Here we use 



{aqP; q)c 



(szg2fci-2te^ ^^2fci+2fc2/s^ yy^2fc2+2/^. ^2)^ (^2fc2-2fci+2/^^^ q^l^^ sW] q\ 

{zu, z/u,wq'^~'^^'^ /s; q'^)oo [zq^^'^'^'^^'^ / s,wq^^'^~^'^ / s; q^)p 

X (s2zIZJg2'=^-4fc2-2)p^-2p(p-l)_ 



(ag-P;g)oo = {-a/qfq-'^P^P~^\q/a-q)p{a;qU, p 

{a;q)p 



(4.7) 



G Z>o. 



Next we use proposition 4.1 to give an explicit expression for the coupled eigenvectors 



f v^{x 
in this realization. 

Proposition 4.2. For \wq'^~'^^^ / s\ < 1 and x = fi{u 

[f<Siv^{x)){z,w) = {-q/s)^{zwq'^''\zWq 

/(cosV-) 



f{cos^l^)v {x)dip 



Lf^—^2ki ^—^2ki-4k2+2.^2^^^liQ S9 ^;Q)co 



X 



(zuJgl-2fe2e#,zIZJgl-2fc2e-iV';g2)^ 



2tt 

^2iil). 2\ 



(^q2ki+2k2-l^itl) ^ g2A:i-2A:2+lgii/'; g2^^ 



CO 

X 5Z 2^51 
n=— oo 



r?7T«l~2A:2p-«V' „2fci-2fc2+lp-iV' 

e )</ e 2 2A:2-2A;i-2n+l iV" 

^:jjjg2fci-4fc2+2 



(4.8) 



X 2¥'lf^'''' M_^2^^2fc2-2fcl-2n+lg-^^^ ^^^2fc2-2/^)n 

Proof. From (^^) we find for x = n{u) 
{f (^vP{x)){z,w) 



„7r / \ 

/(cosV)( Yl ^n^L{x;qys^qe^^/s,q''^^-'''^+'e-'^\q')en-LUz,w)d^p. 



Then ( |3.4| ) and proposition [4.1| give the desired expression for (/ u^)(z,tt^) after using Heine's 
transformation ||8|, eq.(III.2)] and (p^). 
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To determine conditions for absolute convergence of the inner sum in ( [4.8[ ), we investigate the 
asymptotic behaviour of the summand. For n — oo we see that the summand is 0((,sg^'^^~^/ltJ)"') . 
So we need \wq^~'^'^^ / s\ < 1 for absolute convergence. For n — > oo we use the connection formula 
|1^, eq.(A.lO)] to find that the first 2V'i-series behaves like A{que^'^ / s)"' + B{qe''^ /us)"" , where A 
and B are nonzero constants for x = fJ,{u) G [—1, 1] and A ^ 0, B = for u < 1, assuming that 
X G supp(di/(-; 9e*^/s, (?^'^^~^'^^~^^"'""^e~*'''|g^)) . We transform the second 2V^i-series back to 

the form it has in proposition [4.1| using & eq.(III.2)]. Then we use the Bessel coefficient behaviour 



(4.4) and transformation eq.(III.2)] again, to find 

2fci-4fc2+2. 2 



^^2fe-2fci-2n+lg#^^^^ 



. 29^1 



2yJq2fcl-4fc2+2 



2 2k2-2ki-2n+l ii> 



.l)nq-n[n-l)^^-q-2k,y^^q2k,~2k2+l^i^.q2^^^2^q2k,-2k2+2^^ 



X 2'Pl 



—^^l-2k2^-i-ip q2k2-2ki+l^~ii> 



f zwq 



2 2ki-2k2+2n+l^i'4> 



We use 



{a;q)r. = (q'-ya-qU-arqh-^^-^) 



to see that summand is 0{{uz)'^), n — > oo. Recall that we assume \u\ < 1 and \z\ < 1, so for n ^ oo 
the conditions for absolute convergence are satisfied. □ 

Next we determine another expression for (/ ® v^){z,w), using the Clebsch-Gordan decompo- 
sition for the eigenvectors ( 3.21| ). The method we use is in principle the same as for the standard 
orthonormal basisvectors: we determine / (8> v^{x) from the explicit realization for v{x,p), see 
(|3l^ ), and the inverse formula to (|3.21| ). Define a new measure dM{y; x,p) by 

dM{y;x,p)du{x;q^/s'^,qe'^/s,q^''^-^''^-^^+^e-'^\q'^) = dm{y;a,b,c,d)dm{x,p), y = costp, 
where a, b, c, d are given by ( 3.14| ). Inverting ( |3.21| ) we find for sufficiently smooth / 



/ 



v^(x) 



sgn s 



oo 
p=0 



Pp{y;x)fiy)dM2{y-x,p) 



v{x,p). 



(4.9) 



This expression enables us to evaluate (/ v^){z,w) in a different way. 
Proposition 4.3. For x = fJ-{u) and \zw\ < ^2^2-1 

( 2 yji7„2ki 2fci-2fc2 „,„2/c2-2fci+2 / 2fc2-2fci+2 / . 2\ 

[f(E)v {x)){z,w) - 
x{-q/s) 



(g4fcl,g4fc2;g2)^ 



27r 



/(cosV')'&(cos V') 



2^V.„2^ 



where 
•3>(cos V') 



(^g2ki+2k2-lQiip ^ g2/ci~2A:2+le#; q"^) 

(Wq^-^'^^e'^/s, zqe'^ /s; q^)oo 



dip, 



XsWriq 



^q2k2—2ki+l^i^ q2k2—2ki+l ^—itp ^2^2— 2fci+3giV' J g2 ^^^^1— 2^2 giV • q^^^ 
2fc2-2A:,+lg#/^2. ^^g^V/g^ q^^^|,y^^ ^2fc2-2fc,+lg#^ ^2^2'/^^^ ^2fc2-2fc;+2/^^. ^2^ -^l-2k2^-i^ 



)■ 



Proof. We insert the explicit expression for the uncoupled eigenvector f(x,p;z,IZJ) ( [4.7D in (4.9) 
and we interchange summation and integration. This is allowed if we choose / to be sufficiently 
smooth. Next we write the Askey- Wilson polynomial in the usual normalization and we bring all 
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terms not depending on p outside the sum. After some calculations we find 



[f^v {x)){z,w) = i-q/s) ■ ' 



X 



2tt 

SZg2fci-2fc2^ ^g2fci+2fc2/^^^^2fc2+2/^. ^2)^ | (^2te-2fci+2gie/^. ^2)^|2 



Jo 



(zUg2-2fc2 /s, ^4^2+2/^2. g2)^ ^^^id ^ ^^-iO. ^2^ 

/(cosV') 



|(^2fc2-2fci+lgiV.;g2)^|2 



S{cos 'ip)dip, 



(^q2ki+2k2-l gi-tp ^ q2ki-2k2+l giip q2-^ 

where 5(cos ■0) = 5'(cos ip, u, s, ki,k2, z,W) is the sum over p; 

(g4te+2/^2. ^2)^^ ^^(pQg ^. ^^/g^ q/g^^ q2k2-2k,-l „2k,+2k2-l\„2^ 



^(COS^j (g2^^2/52^yg2fe2-2fci+2/5^^2fc2-2fci+2/<,^^g4fc2+2p/52.g2- 
/'„2fc2-2fci+2 / n2fc2 /„:j77. „2n 
(zg2fci+2fc2/s,IZJg2fc2+2/s.^2)p^^'^'/ ^ • 



P 



Here we recognize the generating function from theorem |2.1| with a, 6, c, d as in (3.14) and with 
r = zq/ s, t = zwq^~'^^'^ . So this gives 

(^4fc2+2/g2^ ^yj^2fci^ yj^3-3fcigiV/s^ ^ge*^/s; ^2)^ 

^K^^^W) - (jjjq2k2+2/g^ zq2k,+2k2 g2fc2-2fci+3ei^ /s2^ zwq^-^^^e^^; q^)oo 
XsWr{q^'^-^''-^'e'^/s^; que'^/s, qe'^ / su, q^^2-2k,+i ^i^ ^ q^^^/sw, q^^^-^^^+^ / sz; q\ zwq^-^^^e-'^). 
This proves the proposition. □ 



4.3. A bilinear generating function. Propositions 4.2 and |4.3| both give an expression for (/ ® 
v^){z,w). Since / is arbitrary, these two expression must be equal. This gives a bilinear summation 
formula. 

Theorem 4.4. For \a\ < 1, < 1, |n| < 1 and 1 < |t| < \abu\~^ 

^ hqlc '^'^ e'^l292il ^2 '^'^9 ^ - 

n=— oo \ y/ / \ / 

(ce*''', ce ^v'^a'^ce^w, bq/c, l/t, abtu, abt/u; q)oo 



Proof. This follows from propositions [4.2| and relabelling 

a^q/s, h^zwq^-^^\ c ^ g2fc2-2fci+i^ t ^ 5^2^-2/- 

and replacing q^ hy q. □ 



Remark 4.5. The expression in theorem 4^ is first proved by Rahman in |]1^, App. B.3] by analytic 
methods. We can consider theorem as a special case of the dual transmutation kernel for the 
little g-Jacobi functions, see ||l^, Thm. 2.1]. The general dual transmutation kernel is expressed as 
the sum of two very-well-poised gy'T-series. In the case of theorem 4^ one of the gt/jy-series vanishes. 
This can be easily seen using |16, eq.(3.12)]. 
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